New geometry with the Poincare symmetry 
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Introduction. — The Poincare symmetry is the founda- 
tion of Einstein's special relativity, relativistic field theo- 
ries in Minkowski space-time, particle physics, as well as 
the Poincare gauge theories of gravity, etc. It is well 
known that conventionally only the Minkowski space- 
time is invariant under global Poincare transformations. 

Recently, it has been found that as kinematic symme- 
try [1] there is another Poincare symmetry that preserves 
the Minkowski lightcone at origin [2, 3]. 

The aim of the letter is to present a new nontrivial 4d 
geometry with the Poincare symmetry and to explore its 
geometric structure. We show that the new geometry is 
the Poincare-invariant solution of the degenerate exten- 
sion of the vacuum Einstein field equations with a neg- 
ative cosmological constant and provides a static cosmo- 
logical space-time with a Lobachesky space. The motion 
of free particles in the space-time is also discussed. 

The Poincare symmetry. — In the algebraic point of 
view, an algebra is said to be Poincare one if (1) it is iso- 
morphic to iso(l, 3) algebra, (2) the unique Abelean ideal 
of the iso(l,3) algebra is regarded as a translation sub- 
algebra and is divided into the time translation and space 
translations as a Id and a 3d representation, respectively, 
ofso(3) sub-algebra of the so(l, 3) sub-algebra and (3) the 
algebra is invariant under the suitably defined parity and 
time- reversal operation [1] . 



Clearly, in the above algebraic sense, the generator set 
(H,P f ,Ki,Ji) with 



H = 8t, Pi = di 



K, 



(tdi 



-jx l d t ), Ji 
c 



x j dk- 



(1) 



spans a Poincare algebra p of the ordinary Poincare trans- 
formations group 



L^x u + la^, LeSO(l,3), 



(2) 



where I is a constant having dimension of length, and 
are dimensionless parameters. 

Remarkably, there exists another generator set 
(F'.P^Ki.J), 



H' 



c 2 l~ 2 tx K d K (= cP^), = l- 2 x i x K d K 



K i = {td i + ^x i d t ), J i = e ii k x^d k , 



(3) 



which also spans a Poincare algebra in the above sense 
[2, 3], 



[H',P{]=0, [P' t ,P;-]=0, [H',K t ]=P' i , 

{p>, Kj] = Xh'Sh, [Ki, k,-] = X,,;.i,. 

c 



(4) 



"Cy Jfc, 



where the indexes are lowered and raised by r}^ = 
diag(l, — 1, — 1, — 1). They are the generators of the 
Poincare transformation group 
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(5) 



with dimensionless parameters 6 M . 

It should be noted that the new generator set does 
not generate the isometry of the Minkowski space-time. 
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Instead, it preserves the light cone at the origin in the 
Minkowski space-time. Therefore, the Poincare group 
with the new generator set is referred to as the second 
Poincare group 1 and denoted as P2 in the following. H' 
and P[ are called the pseudo-translations [2, 3] or p2- 
translations. 

New geometry with the Poincare symmetry. — It is 
natural to ask: is there a 4d geometry which is invariant 
under the second Poincare transformations 2 ? 

The following no-go theorem answers the question in 
conventional way. There is no tensor field g = g^ v dx^ ® 
dx v with the following three conditions satisfied simulta- 
neously: (1) g is smooth; (2) g is non- degenerate every- 
where; (3) g is invariant under the p2-translations. 

It implies that the P2-invariant metric on the 4-d un- 
derlying manifold must be degenerate if it exists. For a 
degenerate geometry, more geometric information should 
be assigned. 

It can be checked that (M, g, h,V) is invariant under 
P2 transformations, where g is a 4d type-(0,2) degenerate 
symmetric tensor field 

g = g^dx^ <E> dx u 
I 2 

= 7 TyiVtivVpT - ^^ VT )x p x T dx^ dx v , (6) 

[x ■ x) A 

h is a 4d type-(2,0) degenerate symmetric tensor field 

h = h» v d ll ®d v = r i {x-x)x»x v d^d u (7) 

with x -x = rj^x^x 11 > 0, and V is a connection compat- 
ible to g and h, i.e. 

V A flv = dxg^ - ^1 v 9tiK - r£ A .g K „ = (8) 

and 

V A = d x h^ + TL^ K + ?L hKV = °> ( 9 ) 
respectively, with connection coefficients, 



X ■ X 

In other words, V£ E p2 C TM, 



(10) 



C$9 = w£ A + g^xdue + gxud^e = 0, (11) 

Cgh = h^ x £, x - h^dx? - h Xl, d x e = 0, (12) 
[%V]=0, (13) 



1 From a different approach, Aldrovandi et al also mention that 
there exists a second Poincare group [4, 5]. 

2 The first attempt to find the metric for the second Poincare group 
is made by Aldrovandi et al [4, 5]. But, they give identically 
vanishing metric (i.e. g M „ = 0). 



are valid simultaneously, or Eqs.(6), (7), and (10) are 
invariant under the coordinate transformation (5) and its 
inverse transformation, 



(14) 



" l-r^fi-x-V) 1 -r\b' -x')' 

The curvature tensor of the space-time is, by definition 

Dcr _ f\ per o pa _j_ per pr per pr 

flVp V HP P PV ' L TV L pp 1 Tp 1 pV 

= l- 2 (S:gpp-6; g ^). (15) 

It is antisymmetric in the latter two indexes and satisfies 
the Ricci and Bianchi identities. The Ricci curvature 
tensor is then 



Rpu R a Va 3/ g^ 



(16) 



They are obviously invariant under P 2 transformations. 
Eqs.(15) and (16) are similar to those of the maximum- 
symmetric space-times. 

In order to see the manifold more transparently, let us 
consider the coordinate transformations. 



x a = rr) cosh(r/Z), 



x 1 = l 2r q~ l sinh(r/i) sin cose/), 
x 2 = l 2 !]^ 1 sinh(r/7) sin sin 0, 
x? = l 2 ?]^ 1 sinh(r/Z) cos 9. 



(17) 



Under the coordinate transformation, Eqs.(6), (7), and 
(10) become 



g = -(dr 2 +l 2 smh 2 {r/l)dn 2 2 ), 



h = (d v ) 2 , 



(18) 



(19) 



TV. 



-I 2, ngij 



1 e 

ft 



gg — — I sinh(r/Z) cosh(r/Z), 



T r aa sin 2 9 



„. T % = T lr = ztanh(r/Z) ( 20 ) 
r^ = - sine? cost?, f^ = rJ e = cotc9 
others vanish. 

respectively, where an over bar represents that the quan- 
tity takes the value in the coordinate system {x°,x 1 } = 
{il,r,8,cf)}. Clearly, Eqs. (18) and (19) define the non- 
degenerate 3d metric g 3 and Id contravariant metric hi, 
respectively. The above structures show that the mani- 
fold is locally R x H3 , where 3d hyperboloid H3 has unit 
'radius'. Under the P2-transformations (5), points run 
on R X H3. The points satisfying 1 -I- Z 1 £> ■ x = will 
be transformed to infinity in the new coordinate system 
x' under the coordinate transformation (5). In particu- 
lar, when L^ v = <5£f, they correspond to the points being 
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transformed from (r],r,9,4>) to (0,r,9,4>). Eqs(18), (19), 
(20) and the above transformation property show the ge- 
ometric structure can be smoothly extended to 77 = and 
rj < 0. Therefore, the manifold is R x H3 globally. 

The Ricci curvature (16) reads in the new coordinate 
system 

= 3r 2 diag(0, 1, sinh 2 (r//), sinh 2 (r/Z) sin 2 9). (21) 

Compared with the reduced vacuum Einstein field equa- 
tion with a cosmological constant 



R 



(22) 



the new geometry may be regarded as the P2-invariant 
solution of the vacuum Einstein field equation with the 
cosmological constant — 3Z~ 2 . The solution provides a 
static cosmological space-time with a Lobachevski space. 

Recall that the Ashtekar extension of general relativ- 
ity admits the degenerate geometries [6, 7], which satisfy 
the gauge, vector, and scalar constraints. For the solu- 
tion, the non-zero components of the densitized triad and 
Ashtekar connection 3 A\ = T\ read 



E\ 
El 



l 2 smh 2 (r/l)sm9 7 
I sinh(r/Z) sin 9, 



(23) 



M = Zsinh(r/Z), 



and 



n 

r 2 



cosh(r/7), 
: cos 9, 

■ — cosh(r/l) sm9, 



respectively. The constraints are 



eMEi = 



where 



F l ab E? = 0, 



F ab - 2d[aFl] - e l jfe r a r b- 



(24) 



(25) 
(26) 
(27) 



(28) 



Remember that the indexes are lowered and raised by 
f\nv = diag(l, — 1, — 1, —1) and thus — Sij. It again corre- 
sponds to the solution with A = — 3^ -2 [8]. 

Furthermore, the 4d volume element on the manifold, 
defined by 



I 2 sinh 2 (r/7) sin 9&r\ Adr Ad9 A 1 



(29) 



is invariant under the P2-transformations, so the manifold 
is orientable. Moreover, the tensor h defines an invari- 
ant vector field d n which is regular on the whole mani- 
fold. Compared with the Newton-Cartan case, it gives 
an absolute time direction and, therefore, the space-time 
is obviously time orientable. 

Finally, one may prove that the obtained covariant de- 
generate metric g, contravariant degenerate metric h and 
the connection V are unique, nontrivial, compatible ones 
which are invariant under the ip2-ti r ansfomrations. 

The motion for free particles. — If the motion for free 
particles is still determined by the geodesic equation 



d\ 2 



n dx v dx x _ 
» x dX dX ~ u ' 



(30) 



as usual, it gives rise to the 'uniform rectilinear' motion 



atx + lb' 



(31) 



with dimcnsionlcss constants a % and b l , in which x° and x l 
are regarded as the 'temporal' and 'spatial' coordinates, 
respectively. In the H3 space, one may introduce the 
Beltrami coordinates z l = lx l fx . Then, Eq.(31) reads 



cosh(r/Z) 



77 + la\ 



(32) 



When r <C I, it reduces to z l = b z r]+la l . This is a uniform 
rectilinear motion, because rj and z l are time and spatial 
coordinates, respectively, in the conventional sense. 

The 'uniform rectilinear' motion (31) can also be ob- 
tained from the Lagrangian 

mlc 



]\fijhu^hr - rj m rj VT )x r ix T x^x'' . 



(33) 



In this case, the extrinsic curvature has no good definition. 



The Eulcr-Lagrangian equation is equivalent to 

\{x ■ x) (x ■ x) — (x ■ x) 2 ]x K + (x ■ x)[(x ■ x)x K — (x ■ x)x K ] 
+(x ■ x)[(x ■ x)x K — (x ■ x)x K ] = 0. 

The nonzero determinant of its coefficients for 'x requires 
x. K = 0. 

It should be noted that even though c is finite and in- 
variant in the theory, it does not serves as a limit speed. 
It only appears in x - or 77-expression to ensure their di- 
mension to be L. Similarly, / is not any limit length 
though it is finite and invariant. 

Concluding remarks. — In addition to the ordinary 
Poincarc group preserving the metric of Minkowski space- 
time, there is the second Poincare symmetry preserving 
the geometric structure (M,g,h,'V). A remarkable fea- 
ture for the new geometry (M, g, h, V) is that it is some- 
what like the Galilei and Carroll space-times in which the 
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metrics of space and time split, i.e. one may introduce the 
non-degenerate metrics for the space and time separately. 
Therefore, the new kinematics is non-rclativistic-like in 
this sense. 

From the algebraic point of view, p2 algebra has the 
SO(l,3) isotropy in which IQ serve as the boost and 
(H'.P'i) as the pseudo-translation generators. The ge- 
ometrical analysis, however, shows that the generators 
may have very different meaning from those appear in 
the algebra. In fact, now the space 'translations' on 
H 3 are generated by Vi = d 7 j + l~ 2 ZiZ^d z] = fKj 
(where Zi = ~z l ) but not PJ, while the boost generators 
Ki = —l~ 1 ZiJid r] = ^P'i- Therefore, the 'translations' in 
the space-time with p2 symmetry are no longer generated 
by the Abelean ideal in the algebra and SO(l,3) sub- 
group is no longer the isotropy of the space-time at each 
point. The isotropic group of the manifold is now ISO(3) 
and the space-time is thus the homogeneous space 

M = ISO(l,3)/ISO(3). (34) 

It is a new geometry satisfying all three assumptions in 
Ref. [1]. 

On the new space-time, the motions of free particles 
can be well defined. The mechanics, field theories and 
even gravity on the space-time need to be investigated in 
order to clarify the application of the new space-time. In 



fact, it has been shown that the iVmvariant electromag- 
netic field equations can be set up in this space-time. We 
shall explore it elsewhere. 

It is straightforward to generalize the 4d degenerate 
geometries to higher dimensional degenerate geometries. 
On the other hand, in the higher dimensional theories, 
there may also be the second Poincare group as its sub- 
group of symmetry. Hence, the geometric structure may 
appear in a higher dimension. 

Finally, the transformations (5) are in fact the subset 
of the linear fractional transformations with common de- 
nominator. Thus, it is closely related to the principle of 
relativity with two invariant constants [2, 3]. The rela- 
tion of new geometry of the second Poincare group with 
these issues and the physical applications are still need 
to be explored further. 
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